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Abstract

We consider a single-machine scheduling problem in which due dates are linear functions of the job waiting-times and
the objective is to minimize the maximum lateness. An optimal sequence is constructed by implementing an index-based
priority rule for a fixed value of the due date normalizing constant k. We determine in polynomial time all the k value
ranges so that the optimal sequence remains the same within each range. The optimal due dates are computed as linear
functions of the global optimal value of k. The overall procedure is illustrated in a numerical example.
� 2007 Elsevier B.V. All rights reserved.
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1. Introduction

In many practical situations involving scheduling
decisions the job due dates are assigned internally
by the scheduler based on certain shop characteris-
tics. Cheng and Gupta (1989) provide a comprehen-
sive survey of scheduling research involving due
date assignment decisions. One way of assigning
job due dates is to take into account both job char-
acteristics and the current shop status; e.g., the JIS
method assigns due dates based on the number of
jobs in the system (Weeks, 1979) and the JIQ
method assigns due dates based on current queue
lengths (Eilon and Chowdhury, 1976). The simula-
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tion results of Eilon and Chowdhury (1976) and
Ragatz and Mabert (1985) demonstrate the merits
of these due date assignment methods.

The objective of this paper is to construct an
optimal sequence and assign the optimal due dates
analytically in a single-machine setting when due
dates are linear functions of the job waiting-times
and the objective is to minimize the maximum job
lateness. To our knowledge, our results are the first
analytical results for this type of problem. Specifi-
cally, we assume that in a non-preemptive single-
machine setting all jobs from a given batch are
available and ready for processing at the same time
(e.g., at time zero). Let pj denote the processing time
of job Jj and dj denote the baseline due date of Jj

which is based exclusively on the characteristics of
Jj. Then, the actual waiting-time-adjusted due date
of Jj can be defined as d 0j ¼ dj þ k

Pj�1
r¼1pr, where k
.
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is a normalizing constant and
Pj�1

r¼1pr denotes the
total processing time of all already processed jobs
on the machine prior to Jj, since in our single-
machine environment a job’s waiting-time is equal
to the summation of the processing times of the
already processed jobs. It is reasonable to assume
that very long adjusted due dates will not be well-
received by the customers and this can be prevented
from happening by requiring that k 6 1. Our sched-
uling objective is to minimize the maximum job late-
ness (to be formally defined in the next section). We
show that for a given value of the due date normal-
izing constant k, an optimal sequence can be con-
structed in O(n logn) time (where n is the number
of jobs) by implementing an index-based priority
scheduling rule. We also show how to compute (in
polynomial time) the optimal value of k, k*, when
the cost of assigning due dates is taken into account.
Our approach for computing k* is complicated by
the fact that as k varies, the corresponding optimal
sequence varies as well.

Our model can be easily implemented in a
dynamic environment since the derived optimal
job sequencing rule is an index-based rule based
only on job characteristics. Newly arriving jobs
can be inserted in the proper place in the sequence
of the still unprocessed jobs without any major dif-
ficulty. Consequently, our model can be used for
setting due dates in many practical operations in
which due dates are initially negotiated with the cus-
tomers and then adjusted accordingly to actual shop
conditions. Such operations include small printing
shops, auto repair shops, etc. in which the initially
negotiated due dates with the customers may be
adjusted based on actual waiting-times.

2. The optimal sequence for a fixed k value

We formally introduce our problem for a fixed k

value as follows: There are n jobs Jj, j = 1, . . . ,n, (all
available at time zero) to be scheduled non-preemp-
tively on a continuously available single machine.
Each job Jj has a processing time pj and a baseline
due date dj. For any schedule (sequence) S of the
n jobs, let J[j] denote the job in the jth position in
S and let C[j] be the completion time of J[j] in S.
The actual due date of J[j] in S, d 0½j�, is a linear func-
tion of its waiting-time

Pj�1
r¼1p½r�. Specifically,

d 0½j� ¼ d ½j� þ k
Pj�1

r¼1p½r�, where 0 6 k 6 1 is a normaliz-
ing constant. The lateness of job J[j] in S is defined
as L½j� ¼ C½j� � d 0½j�. Alternatively, Lj denotes the late-
ness of job Jj when it is preferable to indicate the job
index j rather than its position [j] (in that case,
knowledge of the identity of all jobs preceding Jj

in S is still needed to compute d 0j and Lj ¼ Cj � d 0j,
respectively). Let P ½j� ¼

Pj
r¼1p½r�. Then

L½j� ¼ C½j� � d ½j� þ k
Xj�1

r¼1

p½r�

 !

¼
Xj

r¼1

p½r� � d ½j� þ k
Xj�1

r¼1

p½r�

 !

¼ P ½j� � ½d ½j� þ kðP ½j� � p½j�Þ�: ð1Þ

Define the maximum lateness for the schedule S

as Lmax = maxj=1,. . .,n{L[j]}. The following proposi-
tion shows that, for a given k, Lmax can be mini-
mized by using an index-based priority rule.

Proposition 1. For any fixed k, 0 6 k 6 1, the

schedule obtained by sequencing the jobs in non-

decreasing order of their dj � kpj values minimizes

Lmax.
Proof. By an adjacent pairwise job interchange
argument. Suppose that Lmax achieves its minimum
for a given schedule S in which there are two adja-
cent jobs, Jj and Ji respectively, such that Jj immedi-
ately precedes Ji and with di � kpi < dj � k pj.
Consider schedule S 0 obtained by interchanging Jj

and Ji in S so that Ji immediately precedes Jj in
S 0. We will show that Lmax(S 0) 6 Lmax(S). Since
the lateness values of all jobs other than Jj and Ji

are the same in both S and S 0, the inequality
Lmax(S 0) 6 Lmax(S) is equivalent to max{Li(S

0),
Lj(S

0)} 6 max{Lj(S),Li(S)}, which, after some sim-
plification, reduces to

maxfkpi þ kpj � pj � di; kpj � djg
6 maxfkpi þ kpj � pi � dj; kpi � dig: ð2Þ

Inequality (2) is true if the following two sufficient
conditions hold: (C1) kpi + kpj � pj � di 6 k pi � di,
and (C2) kpj � dj 6 kpi � di. It is easy to see that
(C1) holds if k 6 1 and that (C2) holds if di � k

pi 6 dj � k pj. In view of the previous assumptions,
both (C1) and (C2) hold and thus Lmax(S 0) 6 L-

max(S). The repeated implementation of the above
pairwise job interchange argument leads to an opti-
mal schedule for minimizing Lmax in which all jobs
are ordered in the non-decreasing order of their
dj � kpj values. In principle, inequality (2) can be
also satisfied by different sets of conditions stem-
ming from comparing the terms in inequality (2)
in alternative ways. However, all alternative ways
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of comparing the terms in inequality (2) lead to
either contradictory results or they require that
k P 1 in order for (2) to be valid. Consequently,
our index priority rule is the unique index rule sat-
isfying inequality (2) under the assumption that
0 6 k 6 1.

The optimal schedule in Proposition 1 is con-
structed in O(nlogn) time due to the required sorting
operation. h
3. Assignment of the optimal due dates

We now turn our attention to the problem of
assigning the optimal due dates. In order to do so,
we must determine the optimal k value for a given
cost function.

Define the parametric maximum lateness for
schedule S as Lmax(k) and observe that Lmax(k) is
a non-increasing function of k since each d 0½j� is a
non-decreasing function of k. This justifies the fol-
lowing total cost objective function

TCðkÞ ¼ ak þ LmaxðkÞ; ð3Þ
where a > 0 is a cost coefficient. The total cost in Eq.
(3) is the sum of the cost of assigning long due dates
and the cost of failing to meet assigned due dates.
The due date assignment cost may represent the po-
tential loss of customers good will due to quoting
late due dates. The maximum lateness penalty cost
is relevant especially when late deliveries result in
various internal and external costs. As a result, the
total cost expression in (3) represents the objective
of the shop manager to strike a balance between
assigning realistic due dates and at the same time
reducing the risk of incurring late delivery penalties.
Our objective is to determine the optimal value k*

(and the corresponding overall optimal schedule (se-
quence) S*) which minimizes TC(k) for all
0 6 k 6 1.

Proposition 1 can be used to construct the opti-
mal schedule S* in O(n logn) time for a given k

value. However, the optimal schedule S* changes
as the value of k changes. In order to address this
complication, we first determine all critical k values
in the [0, 1] range which induce an optimal schedule
change.

For each pair of jobs Ji, Jj, i = 1, . . . ,n � 1,
j = i + 1, . . . ,n, such that pi < pj and di < dj, define
the quantity

zi;j ¼ ðdj � diÞ=ðpj � piÞ > 0: ð4Þ
The definition of zi,j facilitates the possible ordering
of the quantities di � k pi, dj � kpj (and therefore of
jobs Ji, Jj) for various k values. In the rest of the pa-
per we use the notation Ji Jj to indicate that Ji

precedes Jj in an optimal schedule S*. The next
proposition summarizes some possible job orderings
in S*. Its proof is omitted since it is a straightfor-
ward implementation of (4) in conjunction with
Proposition 1.

Proposition 2. For any fixed 0 6 k 6 1,

(A1) If pi = pj and di < dj, then di � kpi 6 dj � kpj

and Ji Jj.

(A2) If pi < pj, di < dj, and k 6 min{zi,j, 1}, then

di � kpi 6 dj � kpj and Ji Jj.

(B1) If pi 6 pj and di P dj, then dj � kpj 6 di � k pi

and Jj Ji.

(B2) If pi < pj, di < dj, and zi,j 6 k 6 1, then

dj � kpj 6 di � kpi and Jj Ji.

Observe that conditions (A2) and (B2) collectively

correspond to the case where pi < pj, di < dj, which is

the only case not covered by conditions (A1) and (B1).

Since zi,j > 0 in this case, for any fixed 0 6 k 6 1
value, either zi,j 6 k 6 1 which is covered by (B2) or

k 6 zi,j which is covered by (A2).

Conditions (A1) and (B1) yield global job order-

ings in an optimal schedule S* while conditions (A2)

and (B2) yield local job orderings (dependent on the

actual zi,j value) and can be used to divide the [0,1]

range into intervals so that for all k values in each

interval the optimal schedule S* remains the same.
The requisite procedure for determining these inter-

vals (and the corresponding optimal schedules) is

formally presented next as Algorithm A. Algorithm A
is based on the idea that if there are no zi,j values for

any i, j pair in a certain subinterval of [0,1], then a

particular sequence determined by the conditions in

Proposition 2 is optimal for all k values in that

subinterval.

Algorithm A

Step 1: For each job pair Ji, Jj, i = 1, . . . ,n � 1,
j = i + 1, . . . ,n, such that pi < pj and di < dj,
compute the corresponding zi,j value using
(4).

Step 2: Arrange all zi,j values computed in Step 1 in
non-decreasing order and eliminate any
duplicate zi,j values as well as any zi,j P 1
values. Let ki, i = 1, . . . ,m, be the remaining
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ordered zi,j values, where 0 < k1 < k2 < � � �
km < 1.

Step 3: Let k0 = 0 and km+1 = 1. For each interval
[ki,ki+1], i = 0,1, . . . ,m, compute its mid-
point �ki;iþ1 ¼ ðki þ kiþ1Þ=2.

Step 4: For each �ki;iþ1 value computed in Step 3,
construct the optimal schedule S�i;iþ1 by
sequencing the jobs in non-decreasing order
of their dj � �ki;iþ1pj values.

END.

The complexity of Algorithm A is O(n2) deter-
mined by the number of pairwise job comparisons
in Step 1.

We observed earlier that, for a given fixed
schedule S, Lmax(k) is a non-increasing function of
k. Thus, Lmax(k) is a non-increasing function of
k 2 [ki,ki+1] since the same optimal schedule S�i;iþ1 is
used for all k 2 [ki,ki+1] values, i = 0,1, . . . ,m. In
order to find the optimal k value which minimizes
(3) over all k 2 [0, 1] values, we first find the local
optimal k�i;iþ1 value, i = 0,1, . . . ,m, for which
TCðk�i;iþ1Þ ¼ mink2½ki;kiþ1�TCðkÞ. Then, the global
optimal k* can be determined by repeating the
above procedure at most n2 times (since there are no
more than n2[ki,ki+1] intervals in the [0,1] range) so
that

TCðk�Þ ¼ minfTCðk�0;1Þ; . . . ;TCðk�m;mþ1Þg: ð5Þ

Consider the optimal schedule S�i;iþ1 corresponding
to the minimum Lmax(k) for each k 2 [ki,ki+1],
i = 0,1, . . . ,m. In order to simplify exposition some-
what, we appropriately renumber the jobs so that
we may assume that S�i;iþ1 corresponds to the se-
quence (J1, . . . ,Jn). In view of (1), since job Jr is in
position r in the (J1, . . . ,Jn) sequence and L[r] de-
notes the lateness of the job in position r,
r = 1, . . . ,n,

L½r� ¼ P ½r� � ðd ½r� þ kðP ½r� � p½r�ÞÞ
¼ P ½r� � d ½r� � kðP ½r� � p½r�Þ

¼
Xr

s¼1

ps � dr � k
Xr

s¼1

ps � pr

 !
:

Consequently, L[r] can be viewed as a linear function
of k with slope �br and intercept ar where
ar ¼

Pr
s¼1ps � dr and br ¼

Pr
s¼1ps � pr respectively,

r = 1, . . . ,n. Therefore,

LmaxðkÞ ¼ maxfL½1�; . . . ; L½n�g
¼ maxfa1 � b1k; . . . ; an � bnkg; ð6Þ
where k 2 [ki,ki+1]. According to (6), Lmax(k) is a
piecewise linear convex function in the interval
[ki,ki+1], since it is a maximum of n linear functions.
Furthermore, Lmax(k) is non-increasing because all
slope values, �b1, . . . ,�bn, are non-positive.

Geometrically, the Lmax(k) function in the
[ki,ki+1] interval consists of the convex upper enve-
lope (maximum) of some c linear segments selected
from the n linear segments in (6). The identification
of these c linear segments is the objective of
Algorithm B which determines the ‘‘non-inferior’’
linear segments among the n segments defined by the
n terms under the maximum of the piecewise linear
Lmax(k) function in the [ki,ki+1] interval.

Algorithm B

Step 1: For a fixed i, let S�i;iþ1 denote the optimal
schedule corresponding to the sequence
(J1, . . . ,Jn). Compute ar ¼

Pr
s¼1ps � dr,

br ¼
Pr

s¼1ps � pr for r = 1, . . . ,n.
Step 2: Reorder the {ar,br} values computed in

Step 1 so that a1 6 � � � 6 an (and br P br+1

in case of ar = ar+1). If for any r, br P br+1

in the reordered sequence, then eliminate
{ar+1,br+1}. Assume that there are n 0 6 n

linear segments L[r] such that a1 6 � � � 6 an 0

and b1 < � � � < bn 0.
Step 3: For each r, r = 1, . . . ,n 0, calculate the y-

coordinate of the linear segment L[r] at ki

as yr = ar � kibr.
Step 4: For each pair of linear segments au � buk,

av � bvk, u = 1, . . . ,n 0 � 1, v = u + 1, . . . ,n 0,
compute the x-coordinate of their intersec-
tion point xv,u as xv,u = (av � au)/(bv �
bu) P 0.

Step 5: Select r1 2 {1, . . . ,n 0} such that
yr1
¼ maxr¼1;...;n0fyrg; in case of ties, select

the smallest such r1 value. Let xr0;r1
¼ ki.

Step 6: For s = 2, . . . ,n 0, select rs 2 {1, . . . , rs�1 � 1}
such that xrs�1;rs ¼ minr2f1;...;rs�1�1gfxrs�1;r :
xrs�1;r 2 ½xrs�2;rs�1

; kiþ1Þg; in case of ties, select
the smallest such rs value. If xrs�1;rs does not
exist, then go to Step 7 with c = s � 1; else,
c = s, next s.

Step 7: The Lmax(k) function for k 2 [ki,ki+1]
consists of c linear segments given as
arw � brw k for k 2 ½xrw�1;rw ; xrw ;rwþ1

�, w = 1,
. . . ,c � 1, and arc � brc k for k 2 ½xrc�1;rc ;
kiþ1�, respectively.

END.
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The complexity of Algorithm B is O(n2) deter-
mined by the number of pairwise job comparisons
in Step 4.

Since Lmax(k) is a piecewise linear convex func-
tion in the [ki,ki+1] interval, then TC(k) is a piecewise
linear convex function in that interval as well. Thus,
any local minimum k�i;iþ1 of TC(k) is also a global
minimum in the [ki,ki+1] interval and it can be
computed by Procedure C detailed next. Procedure
C balances the due date assignment cost (expressed
by ak) with the lateness penalty cost Lmax(k) in the
[ki,ki+1] interval and determines the minimum k�i;iþ1

value of TC(k) in the [ki,ki+1] interval based on
comparisons of the slope a of the linear function ak

and the slopes of the non-inferior linear segments of
Lmax(k) determined by Algorithm B.

Procedure C

(a) If br1
> � � � > brc P a, TC(k) is non-increasing

in the [ki,ki+1] interval and k�i;iþ1 ¼ kiþ1.
(b) If a P br1

> � � � > brc , TC(k) is non-decreasing
in the [ki,ki+1] interval and k�i;iþ1 ¼ ki.

(c) If brs P a P brsþ1
for some s = 1, . . . ,c � 1,

then a� brs 6 0 and a� brsþ1
P 0, or equiva-

lently, TC(k) is non-increasing in the
½ki; xrs;rsþ1

� interval and non-decreasing in the
½xrs;rsþ1

; kiþ1� interval, where xrs;rsþ1
¼

ðars � arsþ1
Þ=ðbrs � brsþ1

Þ > 0 is the x-coordi-
nate of the intersection point of the lines
ars � brs k and arsþ1

� brsþ1
k, respectively; there-

fore, k�i;iþ1 ¼ xrs;rsþ1
.

END.

The complexity of Procedure C is O(n). The con-
dition in (c) is always true for some s value when
neither the condition in (a) nor the condition in
(b) are true due to the way Lmax(k) is constructed
in Step 7 of Algorithm B; also, c P 2 in that case.
This ensures that Procedure C always succeeds in
computing k�i;iþ1.

Algorithm B and Procedure C are both imple-
mented for each [ki,ki+1] interval to determine the
corresponding minimum k�i;iþ1 value. These k�i;iþ1

minima are then used to determine the overall glo-
bal minimum k* of TC(k) on the [0, 1] interval
according to (5). Since there are at most n2[ki,ki+1]
intervals, the complexity of the overall optimization
procedure is O(n4).

The optimal job due dates d 0�j , j = 1, . . . ,n, can
now be computed as follows: first, the jobs are
sequenced according to the optimal schedule S�i;iþ1

for the specific [ki,ki+1] interval which supplied the
overall optimal k* value. Then, d 0�j , j = 1, . . . ,n, are
computed using k ¼ k�i;iþ1 and the p[r] values,
r = 1, . . . , j � 1, according to the optimal S�i;iþ1

schedule.
We close by pointing out that if the linear due

date assignment cost ak is replaced by a(k) in (3),
where a(k) is a non-decreasing convex function,
then TC(k) is no longer a piecewise linear convex
function in each [ki,ki+1] interval and thus the poly-
nomial time Procedure C is no longer applicable.
Instead, TC(k) is now a convex function and a glo-
bal minimum of this function has to be computed
separately in each [ki,ki+1] interval. This new prob-
lem is more difficult to solve and it requires a more
elaborate solution approach.

4. Conclusions

We considered the problem of determining opti-
mal due dates when due dates are linear functions
of the job waiting-times in a single-machine setting
under the Lmax objective. We showed that an opti-
mal sequence can be determined in O(n logn) time
by implementing an index-based priority rule for a
fixed value of the due date normalizing constant k.
We showed how to determine the global optimal
k* value in polynomial time which in turn led to
the determination of the optimal due dates as linear
functions of k*. Our results pave the way for pursu-
ing analytical results with waiting-times-based job
due dates in more general shop environments.
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